
Neurocomputing 633 (2025) 129748 

A
0

Contents lists available at ScienceDirect

Neurocomputing

journal homepage: www.elsevier.com/locate/neucom

Adaptive multi-model fusion learning for sparse-reward reinforcement
learning
Giseung Park a , Whiyoung Jung b, Seungyul Han c, Sungho Choi a , Youngchul Sung a ,∗

a School of Electrical Engineering, Korea Advanced Institute of Science and Technology, Daehak-ro 291, 34141, Daejeon, South Korea
b LG AI Research, Magokjungang 10-ro 30, 07796, Seoul, South Korea
c Graduate School of Artificial Intelligence, Ulsan National Institute of Science and Technology, UNIST-gil 50, 44919, Ulsan, South Korea

A R T I C L E I N F O

Communicated by J. Andreu-Perez

Keywords:
Deep reinforcement learning
Neural network
Sparse-reward reinforcement learning
Intrinsic reward
Multiple prediction models
Adaptive fusion

A B S T R A C T

In this paper, we address intrinsic reward generation for sparse-reward reinforcement learning, where the agent
receives limited extrinsic feedback from the environment. Traditional approaches to intrinsic reward generation
often rely on prediction errors from a single model, where the intrinsic reward is derived from the discrepancy
between the model’s predicted outputs and the actual targets. This approach exploits the observation that less-
visited state–action pairs typically yield higher prediction errors. We extend this framework by incorporating
multiple prediction models and propose an adaptive fusion technique specifically designed for the multi-model
setting. We establish and mathematically justify key axiomatic conditions that any viable fusion method must
satisfy. Our adaptive fusion approach dynamically learns the best way to combine prediction errors during
training, leading to improved learning performance. Numerical experiments validate the effectiveness of our
method, showing significant performance gains across various tasks compared to existing approaches.
1. Introduction

Artificial intelligence (AI) has become increasingly prevalent in a
wide range of real-world applications [1–5]. Among various AI tech-
niques, reinforcement learning (RL) has garnered significant attention,
particularly with the integration of neural networks. This integra-
tion has not only improved the overall learning performance of RL
methods [6,7] but also broadened their applicability [8,9], surpassing
traditional approaches [10,11]. Deep RL, leveraging the expressive
capabilities of neural networks [12,13], has extended its scope to
encompass domains such as multi-agent RL [14,15], multi-objective
RL [16–18], and meta-RL [19].

One area of particular interest within the realm of Deep RL is the
handling of sparse rewards [20–24]. Sparse-reward RL scenarios in-
volve environments where non-trivial rewards are provided only under
specific conditions, rather than for every action taken. This challenge
is commonly encountered in various real-world tasks, such as robotic
manipulation or the control of unmanned vehicles [20,23,25–27].

Exploration remains a critical aspect of sparse-reward RL as it is
essential for achieving optimal performance when rewards are infre-
quently given to the agent. In recent years, to address the scarcity
of extrinsic rewards, numerous algorithms have been developed to
enhance exploration in sparse-reward settings by enabling the agent to
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generate intrinsic rewards in addition to extrinsic rewards, using various
concepts such as curiosity, surprise, or random network distillation [25,
28–30].

In those intrinsic reward generation methods, agents employ neural
network models to estimate target values or distributions, such as the
next state or the transition probability distribution within the environ-
ment. These intrinsic rewards are designed as the discrepancy between
the model’s prediction and the target [25,28–30]. This design stems
from the tendency that less-visited or unvisited state–action pairs result
in larger prediction errors, while frequently-visited pairs yield smaller
errors.

Most previous methods rely on a single neural network prediction
model to estimate target values or distributions. However, single neural
networks can struggle to accurately capture the underlying dynamics,
particularly when training data is limited [31,32]. Therefore, relying
on a single neural network model can also be insufficient in RL. A
straightforward way to address this issue is to use multiple models,
which provide more reliable estimates for capturing the uncertainty of
the underlying system [31,32]. While prior work has utilized multiple
models [33], the fusion rule in this method is fixed and is not explicitly
designed to maximize the cumulative extrinsic return.
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In this paper, we introduce a novel framework for adaptively fusing
multiple values from neural network models that directly align to
maximize the cumulative extrinsic return. The crucial aspect lies in
designing an effective fusion rule to optimize performance throughout
the learning process. One possible approach to adaptive fusion could
involve a high-level neural network architecture, similar to a hypernet-
work [34], that combines the outputs of the multiple models. However,
as we shall see in Section 5.1.1, our method leverages inductive bias in
the fusion rule, significantly reducing the number of control parameters
compared to a full hypernetwork, enhancing learning efficiency, and
mproving RL performance.

Our contributions to this multi-model problem are as follows:

• We establish axiomatic conditions on the fusion rule that any
legitimate fusion function should satisfy. This imposition of an
inductive bias is mathematically justified and enhances fusion
learning efficiency by narrowing the search space to a single-
parameter search.

• We propose a method to learn the fusion rule at each stage of
policy learning. This approach aims to maximize the cumulative
return of extrinsic reward through meta-gradient optimization.

• Our empirical results demonstrate that our multi-model intrin-
sic reward generation with fusion learning outperforms existing
intrinsic reward generation methods.

2. Related work

Intrinsically motivated RL and exploration methods are generally
categorized into two main groups. The first category involves the
explicit generation of intrinsic rewards, where the agent is trained using
the sum of extrinsic rewards and appropriately scaled intrinsic rewards.
The second one includes indirect methods that enhance exploration
without explicitly generating intrinsic rewards. Our work belongs to
the first category.

2.1. First category: explicit intrinsic reward generation

In the context of explicit intrinsic reward generation, various ap-
roaches encourage agents to explore less frequently visited states. [25]
everaged the concept of curiosity, using information gain on the

prediction model to generate additional rewards. [21] addressed high-
imensional state space exploration by mapping state features into
 hash table using count-based exploration. [29] introduced intrinsic

rewards based on the concept of surprise. [28] defined intrinsic rewards
using prediction errors in a feature state space, and [22] incorporated
he idea of homeostasis into their work. [35] proposed a method
nvolving training a module to generate intrinsic rewards separately
rom the policy, using a delayed reward environment, distinct from
revious threshold-based sparse-reward environments [25]. [30] intro-

duced Random Network Distillation (RND), a method that employs a
randomly initialized and fixed neural network as the target for another
prediction network. The intrinsic reward in this framework is derived
from the prediction error between the target and the predictor outputs.

While these approaches rely on a single neural network prediction
odel to measure visitation frequency, single networks are often prone

o inaccurately capture the underlying dynamics when the learning
ata is not sufficient [31,32]. This issue arises from the constraints

of finite datasets, leading to persistent inaccuracies during RL and
educing the effectiveness of single models in generating appropriate

intrinsic rewards. A practical solution is to use multiple models, which
provide more reliable estimates [31,32]. For example, [33] interpreted
the disagreement among multiple models as the variance in predicted
next states and used this variance as a differentiable intrinsic reward.

owever, their method is not specifically designed to maximize the
cumulative extrinsic return, and the fusion rule remains fixed through-

out the learning process, potentially limiting dynamic adaptation. In t

2 
contrast, we propose a novel framework that adaptively fuses multiple
utputs from neural network models, ensuring alignment to maximize

the cumulative extrinsic return.
Orthogonal to the methods in the first category, several other recent

orks focus on generating intrinsic rewards based solely on states,
nsuring that the cumulative reward over a certain period is pro-
ortional to state entropy [36–38]. These methods are grounded in

state entropy maximization, and the concept primarily targets scenarios
where extrinsic rewards are absent.

2.2. Second category: exploration in the absence of intrinsic reward gener-
ation

Recent indirect methods are classified mainly into two groups: (i) re-
vising the original objective function to stimulate exploration, exploit-
ing intrinsic motivation implicitly, and (ii) perturbing the parameter
space of the considered policy.

In the first group, [20] proposed the idea of sampling additional
tates from the replay buffer to use as new goals in sparse and binary
xtrinsic reward environments, where their policy considered both state
nd goal inputs. In contrast, our approach does not require the concept
f a goal. [23] suggested exploration by leveraging novel state–action
airs from the past, especially in sparse-reward environments, through

the delay of extrinsic rewards. [39] modified the original training
objective by emphasizing the maximization of the divergence between
the current policy and recent policies, employing an adaptive scaling
technique. The PPO algorithm incorporated the dropout concept to
promote episodic stochastic agent behavior [40]. [41] introduced a
novel exploratory policy, utilizing a convex combination of the target
policy and any given policy, effectively addressing exploration in a
manner that extends traditional methods such as 𝜖-greedy or Gaussian
noise by solving surrogate MDPs.

In the second group, [42] introduced a goal-based exploration ap-
proach for continuous control, involving the generation of parameter-
outcome pairs and perturbing specific parameters based on randomly
selected goals from the outcome space. [43] proposed an algorithm
for parameter distribution optimization to enhance exploration by in-
roducing uncertainty in neural network weights while clipping two

consecutive parameter updates to improve stability. Taking inspiration
from [31,44] explored pure exploration MDPs without any extrinsic
rewards, using the concept of utility. The utility in their approach is
based on JSD and Jensen–Rényi divergence [45], and they considered
various models for transition functions, using them to compute utility
based on the average entropy of multiple models.

3. Background

3.1. Setup

We consider a discrete-time continuous-state Markov Decision Pro-
cess (MDP), denoted as ( ,, 𝑃 , 𝑟, 𝜌0, 𝛾), where  and  are the sets of
states and actions, respectively, 𝑃 ∶  ×  ×  → R+ is the transition
probability (density), 𝑟 ∶  ×× → R is the extrinsic reward function,
𝜌0 is the distribution of the initial state, and 𝛾 is the discounting
factor. A (stochastic) policy 𝜋(𝑎|𝑠) represents the probability (density)
of choosing action 𝑎 ∈  for given state 𝑠 ∈ . In sparse-reward RL, the
environment returns a non-trivial reward only when certain conditions
are met by the current state, the action and the next state [20,23,25].
Our goal is to optimize the policy 𝜋 to maximize the expected return
𝐽 (𝜋) = E𝑠0∼𝜌0 ,𝜏0∼𝜋 [

∑∞
𝑡=0 𝛾

𝑡𝑟𝑡] by properly generating intrinsic reward in
such a sparse-reward environment, where 𝜏𝑡 ∶= (𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1, 𝑎𝑡+1,…) and
𝑡 = 𝑟(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1) is the extrinsic reward at time 𝑡. We assume that the
rue transition distribution 𝑃 is unknown to the agent.
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Fig. 1. Adaptive fusion of 𝐾 prediction errors from the multiple models. (𝛤 represents the target and 𝛤𝜙𝑖 represents the 𝑖th prediction model.).
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3.2. Intrinsic reward design based on model prediction error

In the model-prediction-error-based intrinsic reward design, the
agent has a prediction model parameterized by 𝜙 for a specific target
alue or distribution, and the intrinsic reward is designed as the er-

ror between the target and the model prediction [22,25,28–30]. The
intrinsic-reward-incorporated problem is formulated to maximize the
cumulative return 𝐽𝑡𝑜𝑡𝑎𝑙(𝜋) = E𝑠0∼𝜌0 ,𝜏0∼𝜋 [

∑∞
𝑡=0 𝛾

𝑡𝑟𝑡𝑜𝑡𝑎𝑙𝑡 ] with

𝑟𝑡𝑜𝑡𝑎𝑙𝑡 = 𝑟𝑡(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1) + 𝛽 𝐷(𝛤 ||𝛤𝜙|(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1)) (1)

for some 𝛽 > 0 and some divergence function 𝐷(⋅ ∥ ⋅), where 𝛤 is
the desired target value or distribution and 𝛤𝜙 is the output of the
prediction model parameterized by 𝜙 estimating the target 𝛤 . For the
divergence 𝐷, one can use the mean squared error (MSE) when the
target is a value or the Kullback–Leibler divergence (KLD) when the
target is a distribution.

4. Method

4.1. The proposed adaptive fusion learning

We consider the use of multiple prediction models and the design
of prediction-error-based intrinsic reward from these multiple mod-
els. Suppose we have a collection of 𝐾(≥ 2) models parameterized
by 𝜙1,… , 𝜙𝐾 to generate 𝐾 prediction error values at timestep 𝑡:
𝑟𝑗𝑡,𝑖𝑛𝑡(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1) = 𝐷(𝛤 ||𝛤𝜙𝑗 |(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1)), 𝑗 = 1,… , 𝐾, one by each model.
The key problem of multi-model prediction-error-based intrinsic reward
design is how to optimally fuse the 𝐾 values 𝑟𝑗𝑡,𝑖𝑛𝑡(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1), 𝑗 =
1,… , 𝐾, to generate a single intrinsic reward to be added to the scalar
extrinsic reward 𝑟𝑡 for policy update.

The considered multi-model fusion structure is shown in Fig. 1. In
order to fuse the 𝐾 values for a single intrinsic reward value, one
an use some known method such as average, minimum, or maximum.
owever, there is no guarantee of optimality for such an arbitrary choice.
urthermore, one fixed fusion rule may not be optimal for the entire learning
phase. Thus, we consider learning the fusion rule together with policy
parameter learning.

Let the fusion function be denoted as

𝑟𝑖𝑛𝑡 = 𝑓 (𝑟1𝑖𝑛𝑡, 𝑟2𝑖𝑛𝑡,… , 𝑟𝐾𝑖𝑛𝑡), (2)

where 𝑟1𝑖𝑛𝑡, 𝑟2𝑖𝑛𝑡,… , 𝑟𝐾𝑖𝑛𝑡 are the 𝐾 input values from the 𝐾 prediction
odels, and 𝑟𝑖𝑛𝑡 is the output of the fusion function. To learn the

ptimal fusion rule yielding the maximum cumulative return of extrin-
ic reward, one can consider implementing the function 𝑓 by using a
eural network based on the universal approximation theorem [12] and
earning the parameters of the deep neural network with some loss
unction. (We will compare this method to our proposed method in
ection 5.1.1.)

However, we do not apply this direct learning method but exploit
some necessary conditions that any legitimate fusion function should
 e

3 
satisfy. By imposing such inductive bias, we simplify the fusion struc-
ture and corresponding learning, which yields a very efficient way of
fusion learning. Our inductive bias on the fusion function is based
n axiomatic conditions for a legitimate fusion function. The imposed

requirements for the fusion function 𝑓 are as follows.

Condition 1. The fusion function 𝑓 varies with some control parameter to
adapt to the relative importance of the 𝐾 input values.

We require Condition 1 so that the fusion of the 𝐾 input values
dapts to the learning situation. In other words, we want this adap-
ation to be learned over time based on data to yield the maximum

cumulative return of extrinsic reward.
In addition, we impose the following condition for the fusion func-

ion:

Condition 2. The fusion function 𝑓 is homogeneous, i.e.,
𝑓 (𝑐 𝑟1𝑖𝑛𝑡, 𝑐 𝑟2𝑖𝑛𝑡,… , 𝑐 𝑟𝐾𝑖𝑛𝑡) = 𝑐 𝑓 (𝑟1𝑖𝑛𝑡, 𝑟2𝑖𝑛𝑡,… , 𝑟𝐾𝑖𝑛𝑡). (3)

Condition 2 implies that if we scale all the input values by the same
factor 𝑐, then the fusion output is the 𝑐-scaled version of the fusion
output of the non-scaled inputs. Condition 2 is a proper requirement
or a legitimate fusion function, considered in generalized mean [46].

The reason why we require Condition 2 is mathematically explained in
detail in Appendix A.

The unique fusion function that satisfies Conditions 1 and 2 is found
based on the 𝛼-mean of positive measures in the field of information
eometry [47]. For any 𝐾 positive1 values 𝑥1,… , 𝑥𝐾 > 0, the 𝛼-mean

of 𝑥1,… , 𝑥𝐾 is defined as [47]

𝑓𝛼(𝑥1,… , 𝑥𝐾 ) = ℎ−1
(

1
𝐾

𝐾
∑

𝑖=1
ℎ(𝑥𝑖)

)

(4)

where ℎ(𝑥) is given by the 𝛼-embedding transformation:

ℎ(𝑥) =
{

𝑥
1−𝛼
2 , if 𝛼 ≠ 1

log 𝑥, if 𝛼 = 1.
(5)

It is proven that the unique class of fusion functions satisfying Condition
under the twice-differentiability and the strict monotonicity is given
by the 𝛼-mean [47,48]. In the proof, Condition 2 is used to write
𝑓𝛼(𝑐 𝑥1,… , 𝑐 𝑥𝐾 ) = ℎ−1

(

1
𝐾
∑𝐾

𝑖=1 ℎ(𝑐 𝑥𝑖)
)

= 𝑐 𝑓𝛼(𝑥1,… , 𝑥𝐾 ). Taking ℎ(⋅) on
both sides yields ℎ(𝑐 𝑓𝛼(𝑥1,… , 𝑥𝐾 )) = 1

𝐾
∑𝐾

𝑖=1 ℎ(𝑐 𝑥𝑖). Then, taking partial
derivative with respect to 𝑥𝑖 (1 ≤ 𝑖 ≤ 𝐾) on both sides, we show that
q. (5) is the unique class of mapping functions.

1 When an input value to the 𝛼-mean is negative due to divergence
pproximation in some cases, we use exponentiation exp(−𝑥) at the input stage
ith input 𝑥 and negative logarithm at the output stage as the inverse of input
xponentiation.



G. Park et al.

f

a
d

t
N
l

𝛼
d
d

w

g

u
t

p
a
f

b

c

o
a
i

t

c

c
t

T
∑

w
a
i
e
T

a
𝑗

(

Neurocomputing 633 (2025) 129748 
Note that the 𝛼-mean has a single scalar parameter 𝛼 to control the
fusion. This 𝛼 gives us a tool to satisfy Condition 1. By varying 𝛼, the 𝛼-
mean includes all numeric fusions satisfying the homogeneity condition
in Condition 2 such as minimum, maximum, and conventional mean
unctions such as arithmetic, geometric, and harmonic mean [47].

When 𝛼 = −∞, 𝑓𝛼(𝑥1,… , 𝑥𝐾 ) = max𝑖 𝑥𝑖. On the other hand, when
𝛼 = ∞, 𝑓𝛼(𝑥1,… , 𝑥𝐾 ) = min𝑖 𝑥𝑖. As 𝛼 increases from −∞ to ∞, the 𝛼-
mean output varies monotonically from maximum to minimum. Hence,
we perform aggressive fusion to conservative fusion by controlling the
parameter 𝛼.

Furthermore, another desired property of permutation invariance for
ny legitimate fusion function is automatically satisfied by the 𝛼-mean
ue to its structure in (4).

4.2. Learning of 𝛼 with meta-gradient optimization

By imposing the inductive bias of Condition 2 on the fusion func-
ion, we have reduced the number of control parameters to only one.
ow, we need to adaptively control 𝛼 to maximize the expected cumu-

ative extrinsic return 𝐽 (𝜋). To learn 𝛼 maximizing 𝐽 (𝜋), we apply the
meta gradient method [35,49,50]. It will be shown that the updated

with the proposed method varies according to the stage of learning
epending on the task. For a policy 𝜋𝜃 with policy parameter 𝜃, let us
efine the following quantities.

∙ 𝐽 (𝜋𝜃) = E𝜏0∼𝜋𝜃

[ ∞
∑

𝑡=0
𝛾 𝑡𝑟𝑡

]

: the expected sum of extrinsic rewards

which we actually want to maximize.

∙ 𝐽𝑡𝑜𝑡𝑎𝑙(𝜋𝜃) = E𝜏0∼𝜋𝜃

[ ∞
∑

𝑡=0
𝛾 𝑡𝑟𝑡𝑜𝑡𝑎𝑙𝑡

]

: the expected sum of the total reward

hich is given by

𝑟𝑡𝑜𝑡𝑎𝑙𝑡 (𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1) = 𝑟𝑡 + 𝛽 𝑓𝛼({𝑟𝑗𝑡,𝑖𝑛𝑡(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1)}𝐾𝑗=1) (6)

with which the policy 𝜋𝜃 is updated, where 𝛽 > 0.
Then, for a given sample trajectory generated by 𝜋𝜃 , applying policy

radient, we update 𝜃 towards the direction of maximizing 𝐽𝑡𝑜𝑡𝑎𝑙(𝜋𝜃):

𝜃 = 𝜃 + 𝛿𝜃∇𝜃𝐽𝑡𝑜𝑡𝑎𝑙(𝜋𝜃) (7)

where 𝛿𝜃 is the learning rate for 𝜃. Then, the fusion parameter 𝛼 is
pdated to maximize the expected sum of only extrinsic rewards for
he updated policy 𝜋𝜃 :

𝛼̃ = 𝛼 + 𝛿𝛼∇𝛼𝐽 (𝜋𝜃) (8)

where 𝛿𝛼 is the learning rate for 𝛼. Note that we update the policy
arameter 𝜃 to maximize 𝐽𝑡𝑜𝑡𝑎𝑙(𝜋𝜃). Since 𝐽𝑡𝑜𝑡𝑎𝑙(𝜋𝜃) is a function of 𝛼
s seen in its definition above, the updated policy parameter 𝜃 is a
unction of 𝛼. Therefore, ∇𝛼𝐽 (𝜋𝜃) in (8) is computed by the chain rule

as

∇𝛼𝐽 (𝜋𝜃) = ∇𝜃𝐽 (𝜋𝜃) ∇𝛼𝜃 . (9)

To jointly learn 𝛼 together with 𝜃, we adopt an alternating optimization
ased on (7) and (8), widely used in meta-parameter optimization [35,

49,50]. That is, we iterate the policy update by (7) and the fusion
parameter 𝛼 update by (8) in an alternating manner. In this way, we
learn proper 𝛼 adaptively over timesteps to maximize the extrinsic
return performance. We set the initial value of 𝛼 to zero for all the
onsidered experiments.

4.3. Implementation

While the presented method for generating intrinsic rewards can
be integrated with various RL algorithms, in this context, we focus
n Proximal Policy Optimization (PPO) [51], a widely used on-policy
lgorithm. In addition to the usual value function estimating 𝐽𝑡𝑜𝑡𝑎𝑙(𝜋𝜃)
n (7) in PPO, we require an extrinsic value function 𝑉𝜁 (𝑠) which

does not consider intrinsic reward to estimate 𝐽 (𝜋𝜃) in (8) using
he generalized advantage estimation (GAE) technique [35,52]. 𝜁 is
4 
learned with a similar procedure to that of the fusion parameter 𝛼
in Section 4.2. Implementation details are provided in Appendix C,
and the source code is provided in https://drive.google.com/file/d/
1RoAfD6YhzdSP0jysZaHSa6Pc_kxxmo1-/view?usp=sharing.

For the prediction-based intrinsic reward generation method, we
onsider the following two examples.

4.3.1. Multi-model random network distillation (RND)
First, we consider generalization of RND [30] to the multi-model

ase. In this case, we have a fixed target network 𝑔𝑡𝑎𝑟 generating
he target value and 𝐾 prediction networks 𝑔𝑝𝑟𝑒

𝜙𝑗
, 𝑗 = 1,… , 𝐾 all

predicting the output of 𝑔𝑡𝑎𝑟. The divergence reduces to the Euclidean
distance. All prediction models are randomly initialized independently.

he 𝑗th prediction network 𝑔𝑝𝑟𝑒
𝜙𝑗

is independently trained to minimize

𝑡 ‖𝑔
𝑡𝑎𝑟(𝑠𝑡+1) −𝑔𝑝𝑟𝑒𝜙𝑗

(𝑠𝑡+1)‖2 with different order of mini-batched samples,
here 𝑔𝑡𝑎𝑟(𝑠𝑡+1) and 𝑔𝑝𝑟𝑒

𝜙𝑗
(𝑠𝑡+1) are the outputs of the target network

nd the 𝑗th prediction network with input 𝑠𝑡+1, respectively. The 𝑗th
ntrinsic reward candidate at timestep 𝑡 is formulated as the prediction
rror of the 𝑗th model, i.e., 𝑟𝑗𝑡,𝑖𝑛𝑡(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1) = ‖𝑔𝑡𝑎𝑟(𝑠𝑡+1) − 𝑔𝑝𝑟𝑒

𝜙𝑗
(𝑠𝑡+1)‖2.

he pseudocode is provided as shown in Algorithm 1.

Algorithm 1 Fusion Learning with Multiple Prediction Models for
Intrinsic Reward Generation: Multi-model RND.
1: 𝐿 ∶ batch size for policy training.
2: 𝐿𝑚𝑖𝑛𝑖 ∶ minibatch size for policy training, 𝐿′

𝑚𝑖𝑛𝑖 ∶ minibatch size for
model training.

3: 𝑁 ∶ epoch size for policy training, 𝑁 ′ ∶ epoch size for model
training.

4: 𝑀 𝐴𝑋 ∶ the maximum index of batch period 𝑙, 𝐾 ∶ the number of
prediction models.

5: Initialize the policy 𝜋𝜃0 , the fixed target network 𝑔𝑡𝑎𝑟, the 𝐾 predic-
tion networks 𝑔𝑝𝑟𝑒

𝜙10
,⋯ , 𝑔𝑝𝑟𝑒

𝜙𝐾0
, the fusion parameter 𝛼, and the extrinsic

value function parameter 𝜁 .
6: for Batch period 𝑙 = 0,⋯ , 𝑀 𝐴𝑋 − 1 do
7: for Timestep 𝑡 = 𝑙 𝐿, 𝑙 𝐿 + 1,⋯ , 𝑙 𝐿 + 𝐿 − 1 do
8: Collect (𝑠𝑡, 𝑎𝑡, 𝑟𝑡, 𝑠𝑡+1) in the current batch 𝐷.
9: end for

10: Train each 𝑔𝑝𝑟𝑒
𝜙𝑗𝑙

, 𝑗 = 1,⋯ , 𝐾 by minimizing ∑

𝑡 ‖𝑔
𝑡𝑎𝑟(𝑠𝑡+1) −

𝑔𝑝𝑟𝑒
𝜙𝑗

(𝑠𝑡+1)‖2 with different order of mini-batched samples in 𝐷 of
size 𝐿. For each 𝑔𝑝𝑟𝑒

𝜙𝑗𝑙
, we perform the minimization updates with

minibatches of size 𝐿′
𝑚𝑖𝑛𝑖 drawn from 𝐷 for 𝑁 ′ epochs.

11: Acquire the intrinsic reward 𝑟𝑡,𝑖𝑛𝑡 of the current batch 𝐷 of size
𝐿.

12: Train 𝜋𝜃𝑙 by using PPO with the total rewards (6) and minibatch
size 𝐿𝑚𝑖𝑛𝑖 for 𝑁 epochs.

13: Train 𝛼 and 𝜁 by using the parameter learning method described
in Section 4.2 with the total rewards (6) and minibatch size 𝐿𝑚𝑖𝑛𝑖
for 𝑁 epochs.

14: Empty the current batch 𝐷.
15: end for

4.3.2. Prediction of the distribution of the next state
This case corresponds to a multi-model extension of [29]. In this

case, the target is the true distribution of the next state 𝑃 (𝑠𝑡+1|𝑠𝑡, 𝑎𝑡),
nd we have 𝐾 prediction models 𝑃𝜙1 ,… , 𝑃𝜙𝐾 for 𝑃 . The error of the
th prediction model 𝑃𝜙𝑗 is given by [29]

𝐷𝐾 𝐿(𝑃 ||𝑃𝜙𝑗 )|(𝑠𝑡, 𝑎𝑡) = E𝑃

[

log
𝑃 (⋅|𝑠𝑡, 𝑎𝑡)
𝑃 ′(⋅|𝑠𝑡, 𝑎𝑡)

𝑃 ′(⋅|𝑠𝑡, 𝑎𝑡)
𝑃𝜙𝑗 (⋅|𝑠𝑡, 𝑎𝑡)

]

≥ E𝑃

[

log
𝑃 ′(⋅|𝑠𝑡, 𝑎𝑡)
𝑃𝜙𝑗 (⋅|𝑠𝑡, 𝑎𝑡)

]

(10)

where 𝑃 ′ is an arbitrary probability distribution. The lower bound
10) is valid since E

[

log 𝑃 (⋅|𝑠𝑡 ,𝑎𝑡)
]

= 𝐷 (𝑃 ∥ 𝑃 ′) ≥ 0. In order to
𝑃 𝑃 ′(⋅|𝑠𝑡 ,𝑎𝑡) 𝐾 𝐿

https://drive.google.com/file/d/1RoAfD6YhzdSP0jysZaHSa6Pc_kxxmo1-/view?usp=sharing
https://drive.google.com/file/d/1RoAfD6YhzdSP0jysZaHSa6Pc_kxxmo1-/view?usp=sharing
https://drive.google.com/file/d/1RoAfD6YhzdSP0jysZaHSa6Pc_kxxmo1-/view?usp=sharing
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obtain a tight lower bound, 𝑃 ′ should be learned to be close to the
true distribution 𝑃 . To increase degree-of-freedom for better learning
nd estimation, we use the mixture distribution of 𝑃𝐾 =

∑𝐾
𝑖=1 𝑞𝑖𝑃𝜙𝑖

or 𝑃 ′ with the learnable mixing coefficients 𝑞𝑖 ≥ 0 and ∑𝐾
𝑖=1 𝑞𝑖 = 1.

hen, the intrinsic reward from the 𝑗th model 𝑃𝜙𝑗 at timestep 𝑡 is
ormulated as 𝑟𝑗𝑡,𝑖𝑛𝑡(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1) = log 𝑃𝐾 (𝑠𝑡+1|𝑠𝑡 ,𝑎𝑡)

𝑃𝜙𝑗 (𝑠𝑡+1|𝑠𝑡 ,𝑎𝑡)
, 𝑗 = 1,… , 𝐾. Note

that 𝑟𝑗𝑡,𝑖𝑛𝑡 can be negative in this case although the KLD is always
nonnegative. We use input exponentiation and output logarithm for
the fusion function, mentioned in the footnote 1. In the case of the
𝐾 prediction models, denoted as 𝑃𝜙1 ,… , 𝑃𝜙𝐾 , we employ the fully-
actorized Gaussian distribution [25]. Consequently, 𝑃𝐾 represents a

class of 𝐾-modal Gaussian mixture distributions.
We update the prediction models 𝑃𝜙1 ,… , 𝑃𝜙𝐾 and the corresponding

ixing coefficients 𝑞1,… , 𝑞𝐾 through the following process. Initially,
he parameters 𝜙1,… , 𝜙𝐾 are independently initialized, and the mixing
oefficients 𝑞𝑖 are set to 1

𝐾 for all 𝑖 = 1,… , 𝐾. During each batch
period of PPO, to jointly optimize 𝜙𝑖 and 𝑞𝑖, we employ maximum-
likelihood estimation with an 𝐿2-norm regularization while adhering
to KL constraints [29,53]:

maximize
𝜙𝑖 𝑞𝑖 , 1≤𝑖≤𝐾

E(𝑠,𝑎,𝑠′) log

{ 𝐾
∑

𝑖=1
𝑞𝑖𝑃𝜙𝑖 (𝑠′|𝑠, 𝑎)

}

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶likelihood

−𝑐reg

𝐾
∑

𝑖=1
‖𝜙𝑖

‖

2

⏟⏞⏞⏟⏞⏞⏟
=∶𝑟𝑒𝑔

subject to E(𝑠,𝑎)

[

𝐷𝐾 𝐿(𝑃𝜙𝑖 ∥ 𝑃𝜙𝑖old
)(𝑠, 𝑎)

]

≤ 𝜅 ,
𝐾
∑

𝑖=1
𝑞𝑖 = 1

(11)

where 𝜙𝑖
old represents the parameter of the 𝑖th model before the update

triggered by (11), 𝑐reg is the regularization coefficient, and 𝜅 is a
ositive constant. To address this optimization problem concerning 𝜙𝑖,
e employ a method based on a second-order approximation [54].

For the update of {𝑞𝑖}, we apply the EM method proposed in [55]
nd set 𝑞𝑖 as

𝑞𝑖 = E(𝑠,𝑎,𝑠′)
𝑞old
𝑖 𝑃𝜙𝑖 (𝑠′|𝑠, 𝑎)

∑𝐾
𝑗=1 𝑞

old
𝑗 𝑃𝜙𝑗 (𝑠′|𝑠, 𝑎)

(1 ≤ 𝑖 ≤ 𝐾) (12)

where 𝑞old
𝑖 is the mixing coefficient of the 𝑖th model before the update

caused by (12). To ensure numerical stability, we apply the ‘‘log-
sum-exp’’ trick when calculating (12), as well as when working with

likelihood as defined in (11), and computing the gradient ∇𝜙𝑖likelihood.
In addition, we apply simultaneous update of all 𝜙𝑖’s and 𝑞𝑖’s, which
was discovered to yield superior performance compared to the alterna-
tive method of updating the 𝐾 models one by one. The pseudocode is
provided as shown in Algorithm 2 in Appendix B.

5. Experimental results

In Section 5.1, we first show that the proposed fusion learning is
more efficient than directly using a deep neural network as an adaptive
fusion function, producing outperforming performance with a single
learnable parameter 𝛼. In Section 5.2, we will show the performance
comparison between the proposed method and the considered base-
ines in various sparse-reward environments: exploration tasks 5.2.1,

continuous control with delayed reward setting 5.2.2, and practical
parse-reward tasks including robotic arm control and drone control

in noisy environments 5.2.3.

5.1. Study on the efficiency of the proposed fusion learning

5.1.1. Comparison with direct neural network-based fusion learning
In the proposed fusion scheme, we drastically reduced the search

space for adaptive fusion function by imposing our inductive bias of
Condition 2, which is considered to be a necessary condition for any
egitimate fusion function as explained in Appendix A, and proposed

the 𝛼-mean-based fusion learning with a single control parameter 𝛼.
ne can implement the fusion function in Fig. 1 directly by using
 b

5 
Fig. 2. Comparison between the proposed 𝛼-fusion learning and the fusion with deep
neural network learning: (a) average return - DelayedWalker2d, (b) average return —

elayedHumanoid. On the 𝑦-axes, we illustrate the mean value of extrinsic returns
btained from the most recent one hundred episodes, averaged across the ten random
eeds. (c) Learned fusion function graph — DelayedWalker2d (proposed — blue, neural
etwork (t anh) - green, (𝑥1 , 𝑥2) plane — gray), and (d) learned fusion function graph
 DelayedHumanoid.

a widely-used function approximator, deep neural network, to learn
adaptive fusion weights with the same meta-gradient optimization as
we used.

To check the effectiveness of the proposed 𝛼-fusion learning over
the fusion with deep neural network learning, we actually designed a
neural network fusion function 𝑓𝜉 (𝑥1,… , 𝑥𝐾 ) with 𝐾 = 2 inputs with
hidden layer number 1, 2, and 3 using a nonlinear (t anh or ReLU)
activation, followed by a linear output layer of size 1. The size of every
hidden layer of 𝑓𝜉 is 2𝐾, and we chose the best hidden layer number
for each environment. 𝑓𝜉 is trained to maximize the cumulative return,
as described in Section 4.2.

Figs. 2(a) and 2(b) show the comparison results in two Mujoco tasks:
Walker2d and Humanoid. (To create a sparse-reward environment, we
mplemented the delay method as described in [23]. Detail for this

delayed setup will be explained in Section 5.2.2. We adopted Algorithm
2 for the implementation in these environments.) It is seen that the
proposed fusion learning based on the single parameter 𝛼 significantly
outperforms the fusion learning directly based on neural network.
Figs. 2(c) and 2(d) show the graphs of the proposed fusion function 𝑦 =
𝑓𝛼(𝑥1, 𝑥2) (blue surface) and the neural-network-based fusion function

= 𝑓𝜉 (𝑥1, 𝑥2) with t anh activation (green surface) after training in
Walker2d and Humanoid, respectively. For the neural network-based
fusion, Fig. 2(c) shows that two negative inputs give a positive output,
and Fig. 2(d) shows that two positive inputs give a negative output.
Both observations deviate our intuition. In addition, the learned fusion
unction by neural network is not symmetric around the line 𝑥1 = 𝑥2,

so it is not permutation-invariant.
Note that our fusion output with a learnable fusion parameter 𝛼 and

a weighting factor 𝛽 > 0 for the intrinsic reward part in (6) is expressed
as 𝑓𝛼(𝑥1, 𝑥2) = − 2𝛽

1−𝛼 log[
exp (− 1−𝛼

2 𝑥1)+exp (− 1−𝛼
2 𝑥2)

2 ] in the case of input
xponentiation and output logarithm used to handle possibly negative
nputs. This nonlinear function is mathematically simple but require
ontrivial complexity and learning time to be implemented with a
eep neural network as seen in this example. The proposed adaptive 𝛼-
usion structure indeed captures the legitimate fusion behavior by using
nly a single parameter 𝛼, and the corresponding learning is efficient.
he proposed 𝛼-fusion structure seems to be a useful built-in inductive

56] for fusion learning.
ias [
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Fig. 3. Comparison with fixed fusion rules — min, max, and average: (a) Learning
curve of during the proposed fusion learning in HalfCheetah and (b) Performance
comparison with fixed fusion methods in HalfCheetah. On the 𝑦-axis, we illustrate the
mean value of extrinsic returns obtained from the most recent one hundred episodes,
averaged across the ten random seeds.

5.1.2. Learning behavior of fusion parameter 𝛼
With the verification of the effectiveness of our fusion structure,

we then investigated how the fusion parameter 𝛼 changed adaptively
during the training. Fig. 3(a) shows the learning curve of the fusion
parameter 𝛼 in delayed HalfCheetah. In the case of prediction of the
distribution of the next state, the KL divergence is approximated by
its lower bound as seen in (10). Hence, the exponentiation exp(−𝑥)
at the input stage and the negative logarithm at the output stage
to the 𝛼-fusion were applied. Hence, smaller 𝛼 means less aggressive
fusion towards minimum operation. It is seen that starting from the
initial value 𝛼 = 0, the fusion parameter 𝛼 increases until it reaches
approximately 5, maintains the level until approximately 0.25 million
timesteps, and then decreases monotonically. Thus, the fusion learning
takes relatively more aggressive fusion strategies with 𝛼 being around
5 (but this is not the too aggressive maximum corresponding to 𝛼 = ∞)
in the early stage of learning. Then, the fusion learning takes more
and more conservative fusion strategy by decreasing 𝛼 more and more
to large negative values (i.e., towards minimum taking) in the cased
delayed HalfCheetah.

We compared the proposed multi-model method with adaptive
fusion learning with the fixed fusion rules: minimum, maximum, and
average taking in the case of 𝐾 = 2. The result is shown in Fig. 3(b).
It is seen that in the fixed fusion case, the method using average has
higher performance than that with minimum or maximum in the early
stage of training. However, the minimum selection method yields better
performance than average or maximum at the later stage. It is seen
that the proposed adaptive fusion yields the best performance because
the proposed adaptive fusion takes advantage of both fast performance
improvement in the early stage and high final performance at the end
by learning 𝛼 optimally over the learning stages.

5.2. Performance comparison

5.2.1. Exploration tasks
We conducted experiments on two exploration tasks: (i) a con-

tinuous 4-room maze environment for pure exploration task (i.e., no
extrinsic reward is given to the agent) and (ii) the OpenAI Gym Acrobot
environment [57] for exploration with extrinsic reward. For the 4-room
maze, we modified the grid map environment at https://github.com/
huyaoyu/GridMap. The proposed method uses the multi-model RND
described in Algorithm 1 and we check whether the proposed fusion
learning improves performance over RND with a single prediction
network (𝐾 = 1), and how the fusion parameter 𝛼 behaves over the
learning phase.

Fig. 4(a) shows the considered 4-room maze of size (100, 100). The
(𝑥, 𝑦) position of the agent is the state. The agent starts from the position
(0.5, 0.5) near the lower-left corner of the maze. At each timestep, the
agent performs its two-dimensional continuous action (𝑑 𝑥, 𝑑 𝑦) bounded
in [−1, 1]2. The next state is (𝑥 + 𝑑 𝑥, 𝑦 + 𝑑 𝑦), but the agent is given
6 
Fig. 4. (a) Continuous 4-room maze for pure exploration task (with no extrinsic
reward). (b) Mean number of visited states over ten random seeds. (c) Histogram of
the mean number of visitations based on 1 × 1 square quantization: (left) PPO Only,
(middle) RND, and (right) the proposed multi-model fusion learning method with 𝐾 = 3.
(d) Learning curve of 𝛼 during the fusion learning. (e) Learning curve of the extrinsic
value function 𝑉𝜁 (𝑠).

no reward due to the pure exploration setting. The agent’s goal is to
explore as many states as possible with the aid of intrinsic reward. Since
the state space is continuous, we count how many 1 × 1 unit blocks the
agent visited among the total 100 × 100 blocks.

Fig. 4(b) shows the mean number of visited blocks with respect to
time averaged over ten random seeds for PPO without any intrinsic
reward (denoted by PPO Only), RND with a single prediction network
(𝐾 = 1), and the proposed multi-model fusion method based on RND.
It is seen that the proposed multi-model method with fusion learning
outperforms RND, as expected. As 𝐾 increases, the performance also
increases. We applied Welch’s t-test on our data at the end of the
training to statistically check the proposed multi-model method’s gain
over the baseline. Welch’s t-test does not require the variances of the
two tested methods to be the same, and it is robust compared with other
tests for comparison of two different RL algorithms [58]. The proposed
multi-model method with 𝐾 = 3, 𝐾 = 10 and 𝐾 = 20 outperforms RND
with 97% 99% and 99% confidence level, respectively. We observed
that the multi-model method with model order 𝐾 = 3 already achieves
quite a good portion of performance improvement. This observation is
consistent with a recent result [59] which states that the model order
need not be too large in practice.

Fig. 4(c) shows the histogram of the number of visitations based
on 1 × 1 square quantization. It is seen that the proposed multi-model
method with 𝐾 = 3 visited a much broader area in the upper-right
room than the baselines through trajectories via both the upper-left
and lower-right rooms. Fig. 4(d) shows the learning curve of 𝛼 during

https://github.com/huyaoyu/GridMap
https://github.com/huyaoyu/GridMap
https://github.com/huyaoyu/GridMap
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Fig. 5. (a) OpenAI Gym Acrobot environment for exploration with extrinsic reward.
There are two links of unit length and two joints. We set the target height as ℎ = 1.99
to enforce sparsity of the non-trivial reward, (b) Average task performance over five
random seeds and the 𝑝-value of the null hypothesis 𝐻0 ∶ 𝜇proposed ≤ 𝜇baseline based on
Welch’s t-test, where 𝜇proposed and 𝜇baseline are the performance means of the proposed
method and each baseline, respectively (c) Performance comparison with baselines,
and (d) Performance comparison with static fusion methods: minimum, maximum, and
average taking.

the proposed fusion learning with 𝐾 = 3. We observe that in the 4-
room maze case, the value of 𝛼 gradually increases so that our fusion
rule selects relatively conservative fusion strategies as timestep goes.
(Note that as 𝛼 increases, the 𝛼-mean behaves more like minimum.)
At around timestep 2.2 ⋅ 105, 𝛼 stops to be learned. Recall that the 4-
room maze does not give any extrinsic reward to the agent. Therefore,
the extrinsic value function 𝑉𝜁 (𝑠) in the proposed algorithm should
ideally be a zero function. Fig. 4(e) shows that the learned extrinsic
value function converges to zero around timestep 2.2 ⋅ 105. Since the
extrinsic value function is almost zero above this point, the estimated
advantage value using the GAE [52] method becomes zero, ∇𝛼𝐽 (𝜋𝜃) in
(8) becomes zero, and learning of 𝛼 stops.

Next, we considered the Acrobot environment [57], which is an
exploration task with the extrinsic reward given to the agent. The agent
consists of two links of unit length and two joints, as seen in Fig. 5(a).
One joint is fixed at the center. The agent can move the other joint by
applying an action 𝑎 ∈ {−1, 0, 1}. The state consists of two angles 𝜃1,
𝜃2 and velocity information. The nonnegative reward 0 is given only
when 𝜃1 and 𝜃2 satisfy − cos 𝜃1− cos(𝜃1+𝜃2) > ℎ with ℎ < 2, and reward
−1 otherwise. We set ℎ = 1.99 to enforce sparsity of the non-trivial
reward. Figs. 5(b) and 5(c) show that the proposed multi-model fusion
learning method with 𝐾 = 4 noticeably improves the performance of
the RND baseline. Note that the performance variance of the multi-
model method with fusion learning with 𝐾 = 4 is significantly reduced
compared to RND.

Fig. 5(d) shows the comparison between the proposed multi-model
method with adaptive fusion learning and the fixed fusion rules: min-
imum, maximum, and average taking in Acrobot. Again, it is clearly
seen that the proposed method outperforms the fixed fusion methods.
Even if we do not know a priori which fusion method is adequate in
a specific environment, the proposed adaptive fusion performs well by
learning 𝛼 adaptively.

5.2.2. Continuous control tasks with delayed reward
To demonstrate the effectiveness of incorporating next-state dis-

tribution prediction (Algorithm 2) into our proposed method, we
conducted experiments on six sparse-reward Mujoco tasks [57,60]:
Walker2d, Hopper, InvertedPendulum, HalfCheetah, Ant, and
Humanoid. To implement the sparse-reward settings of the considered
7 
environments, we adopted the delay method [23]. Initially, we collect
extrinsic rewards produced by the relevant environments for every 𝛥
timesteps or until the episode concludes. Subsequently, we provide the
cumulative sum of rewards to the agent at the conclusion of each 𝛥
timesteps or at the conclusion of an episode, and continue this cycle.
We set 𝛥 = 40, as used in [35].

We compared the proposed multi-model method with fusion learn-
ing with existing state-of-the-art intrinsic reward generation methods.
The baselines under consideration encompass the intrinsic reward mod-
ule [35], RND (Random Network Distillation) [30], the single-model
surprise [29], and a disagreement method utilizing the variance of mul-
tiple predicted next states [33]. We verified that three other baseline
algorithms [21,22,28] underperform the other baselines, so the corre-
sponding plots are omitted for readability. To ensure a fair comparison,
we employed PPO with an identical neural network architecture and
consistent hyperparameters across all approaches. Hence, any per-
formance disparities observed are solely attributed to variations in
intrinsic reward generation methods. For an overview of simulation
hyperparameters and reproducibility verification, please refer to the
supplementary material.

It is seen in Fig. 6 that the proposed fusion-based intrinsic reward
generation method yields top-level performance. We found that setting
among 𝐾 = 2, 3 or 4 was enough for good performance, which
conforms to [59] regarding the model order.

5.2.3. Practical sparse-reward tasks
We first conducted additional experiments on a sparse-reward

robotic arm control task [61], which is different from the control tasks
with delayed rewards in the previous Section 5.2.2. As shown in Fig. 7,
the robot agent manipulates its arm and gripper, and at every timestep,
the agent receives a 39-dimensional state. For every episode of length
500 timestep, the agent receives reward 1 if the center of mass of the
gripper’s two fingers reaches a 3-dimensional goal position (the orange
sphere in Fig. 7) before the episode ends. Otherwise, the reward is
zero. The proposed method uses the multi-model RND described in
Algorithm 1.

Table 1 shows that the proposed method outperforms the other
baselines. Compared with PPO Only (success rate 20%), the consid-
ered intrinsic reward methods help the agent’s exploration. However,
the success rate of the proposed method using the multi-model RND
performs best with the success rate of 85%, which is higher than
the other baselines such as Disagreement (66%). We also observe the
gap between the proposed method and RND (48%), which shows the
effectiveness of the proposed fusion method.

Finally, we performed experiments in gym-pybullet-drones [62], a
challenging dynamic environment simulator for drone control. Drones
become popular for public/industrial applications such as communi-
cation, searching areas, delivery, or cleaning [63–65]. Recently, re-
searchers have given attention to devising stable control methods using
drone control simulators.

Fig. 8(a) shows a rendered snapshot in the considered dynamic en-
vironment simulator. Each input observation is a vector of the drone’s
kinematic information: current position, orientation, velocity, and an-
gular velocity. Action is a vector containing the RPM values of each
motor. In the physics module of the simulator, forces and torques are
calculated from action RPM values and are applied to the drone to fly
to the target position. In real-world scenarios, degradation of control
accuracy may occur due to the transmission error of the control signal.
To reflect this situation, we revised the original simulator to inject
perturbation noise to the received RPM values and give errors in the
applied forces. This change makes the considered task more dynamic
and the problem more challenging.

The goal of the drone is (i) to fly to the target position and (ii) to
hover around it for a certain period. We considered the following sparse
reward setting: if the drone receives the reward zero if it achieves the
goal, or −1 otherwise. For example, if the drone manages to reach the
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Fig. 6. Performance comparison on six delayed reward environments. All simulations were carried out using ten specific random seeds. On the 𝑦-axes, we illustrate the mean
value of extrinsic returns obtained from the most recent one hundred episodes, averaged across the ten random seeds. To give sufficient time steps for each environment, for the
three environments in the top row, the experiments were performed for 3M timesteps. For the environments in the bottom row, the experiments were conducted for 1M timesteps.
(For clarity, the first author of each of the algorithms are shown in the Humanoid plot.).
Fig. 7. Considered sparse-reward robot task from [61].

Table 1
Success rate comparison. We report the average suc-
cess rate at the end of the training (1M timesteps),
averaged across ten random seeds.

Success rate(%)

Proposed 85
Module 50
RND 48
Surprise 59
Disagreement 66
PPO Only 20

target but deviates from the position earlier than the period, it receives
a reward of −1. Every episode has a length of timestep 482. The
proposed method uses the multi-model RND described in Algorithm 1.

Figs. 8(b) and 8(c) show that the proposed fusion-based method
yields top-level performance. In Fig. 8(d), it is seen that setting the
model order 𝐾 = 3 produced the best performance, which aligns with
the previous results in Section 5.2.1 and explanation in Section 5.2.2
regarding the model order. The performance exhibits an enhancement
as the value of 𝐾 increases. However, upon reaching the optimal model
order, further improvements cease, and in some cases, there may be a
slight degradation due to the increased complexity of model estimation,
aligning with our intuition.

The formulation of the fusion function is 𝑓𝛼(𝑥1,… , 𝑥𝐾 ) =
(

1 ∑𝐾 𝑥
1−𝛼
2
)

2
1−𝛼 . When 𝛼 = −∞, the fusion output 𝑓 (𝑥 ,… , 𝑥 ) =
𝐾 𝑖=1 𝑖 𝛼 1 𝐾
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max𝑖 𝑥𝑖, while 𝑓𝛼(𝑥1,… , 𝑥𝐾 ) = min𝑖 𝑥𝑖 as 𝛼 → ∞. As seen in Fig. 8(e),
starting from the initial value 𝛼 = 0, the learning fusion parameter 𝛼
dynamically varies during the training procedure, ending in an increase
of 𝛼 approaching the minimum of the input values.

We also calculated the training time in a sparse-reward drone
control environment, comparing our algorithm (𝐾 = 3) with the RND
method (𝐾 = 1). These computations were conducted on an Intel Core
i9-10900X CPU @ 3.70 GHz. As shown in Table 2, the training time
ratio is significantly lower than 3. This indicates that the increase in
training time is not as substantial as the increase in the number of
models.

6. Conclusion and future work

We have proposed a new adaptive fusion method with multiple pre-
diction models for intrinsic reward generation for sparse-reward RL. By
imposing inductive bias on the fusion rule, our adaptive fusion learning
uses multiple models for better intrinsic reward generation. Our method
also reduces the number of control parameters and improves the effi-
ciency of fusion learning to maximize RL performance. Experimental
results show that the proposed approach outperforms existing intrinsic
reward generation methods in numerous sparse-reward environments.

We propose three promising future directions to extend the work
presented in this paper. First, while we ensure that the learning of
𝛼 is aligned with maximizing the cumulative extrinsic return and has
demonstrated practical effectiveness, formal proof of the convergence
of 𝛼 remains an open problem. Proving this convergence is an important
area for future research.

Second, reward-shaping with expert knowledge to accelerate explo-
ration presents an interesting opportunity. In this work, we focused
on intrinsic reward generation without relying on expert knowledge to
create general-purpose algorithms, as expert knowledge or data is not
always available. However, leveraging expert data to improve learning
efficiency is a practical and relevant direction, especially since some
studies have already explored using limited expert data to enhance
exploration [66].

Third, extending the proposed fusion method to multi-agent RL
offers another valuable direction. Many existing works in multi-agent
RL adopt the concept of centralized training with decentralized execution
(CTDE). Adapting our proposed fusion rule for CTDE with minimal
learning parameters would be a fruitful extension.
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Fig. 8. (a) A rendered snapshot in the considered sparse-reward drone control task,
a dynamic environment simulator for practical applications, (b) the performance
comparison: the number of episodes during which the drone achieved the goal, (c)
the performance comparison: average return. For (b) and (c), we report the 25%–75%
percentile band for better clarity. (d) a parameter study on the effect of the model order
𝐾, and (e) a learning curve of fusion parameter 𝛼 during the proposed fusion learning.
The 𝑦-axes in (b), (c), and (d) represent the mean values of the return averaged over
five random seeds.

Table 2
Average total training time per episode in seconds in a sparse-reward
drone environment. ‘Ratio’ refers to the ratio of the training time with
the proposed method to the training time with RND. Each episode
consists of 482 timesteps.
Proposed (𝐾 = 3) RND (𝐾 = 1) Ratio

5.68 5.27 1.08
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Appendix A. Necessity of the homogeneity condition (Condition 2)

Note the fusion function is some averaging function. Condition 2 is
a proper condition for any reasonable averaging function [46]. Suppose
that the homogeneity condition in Condition 2 for the function 𝑓 is not
satisfied and thus assume the following nonhomogeneous relationship:

𝑓 (𝑐 𝑥1, 𝑐 𝑥2) = 𝑐′𝑓 (𝑥1, 𝑥2), (A.1)

where 𝑐′ (≠ 𝑐) is mapped for each scaling factor 𝑐 for the completeness
of the scaling operation.

Now suppose that there exist two constants 𝑐 , 𝑐′ such that 𝑐 > 1 and
0 < 𝑐′ < 1 and 𝑓 (𝑐 𝑥1, 𝑐 𝑥2) = 𝑐′𝑓 (𝑥1, 𝑥2) for two input 𝑥1 and 𝑥2. Then,
the monotonicity is broken. The two inputs 𝑥1 and 𝑥2 are increased as
𝑐 𝑥1 and 𝑐 𝑥2 but the corresponding output is reduced as 𝑐′𝑓 (𝑥1, 𝑥2) as
compared to the original output 𝑓 (𝑥1, 𝑥2). This is not the situation that
we want. Furthermore, by repeatedly applying Eq. (A.1), we have

lim
𝑛→∞

[𝑓 (𝑐𝑛𝑥1, 𝑐𝑛𝑥2) = (𝑐′)𝑛𝑓 (𝑥1, 𝑥2)] (A.2)

yielding

𝑓 (∞,∞) = 0 ⋅ 𝑓 (𝑥1, 𝑥2) = 0 (A.3)

assuming 𝑥1, 𝑥2 > 0. Therefore, we have a contradiction. In the case of
0 < 𝑐 < 1 and 𝑐′ > 1, we have a similar contradiction.

Now assume that there exist 𝑐 , 𝑐′ > 1 and 𝑐 ≠ 𝑐′. Set two inputs as
𝑥1 = 𝑥2 = 𝑥. Then, we have

𝑔(𝑥)
▵
= 𝑓 (𝑥, 𝑥) (A.4)

𝑔(𝑐 𝑥) = 𝑓 (𝑐 𝑥, 𝑐 𝑥) = 𝑐′𝑓 (𝑥, 𝑥) = 𝑐′𝑔(𝑥) (A.5)

By repeating the iteration, we have

𝑔(𝑐𝑛𝑥) = (𝑐′)𝑛𝑔(𝑥). (A.6)

In Eq. (A.6), the input to the function 𝑔(𝑥) is exponentially increas-
ing as 𝑐𝑛 and the output increases exponentially as (𝑐′)𝑛. Such function
𝑔(𝑥) is uniquely given by the form

𝑔(𝑥) ∼ (𝑐′)log𝑐 𝑥, (A.7)

where ∼ means the scaling equivalence. However, for a different pair
𝑐 and 𝑐′, we also require

𝑔(𝑥) ∼ (𝑐′)log𝑐 𝑥. (A.8)

The two functions in (A.7) and (A.8) are not the same for general pairs
(𝑐 , 𝑐′) and (𝑐 , ̃𝑐′). Note that 𝑔(𝑥) should be the same regardless of the
selected pair (𝑐 , 𝑐′) by its definition (A.4). This cannot be satisfied in
general in the nonhomogeneous case. So, we have contradiction in this
case. A similar situation happens for 0 < 𝑐 , 𝑐′ < 1.

However, if we have 𝑐 = 𝑐′ for all scaling factor 𝑐 (i.e., we impose
the homogeneity condition), then the two functions in (A.7) and (A.8)
are consistent and we have no contradiction. In this case, we have

𝑔(𝑥) ∼ (𝑐)log𝑐 𝑥 = (𝑐)log𝑐 𝑥 = 𝑥. (A.9)

This makes sense because this simply means that if the input values to
the fusion function are all the same, then the output of the fusion is
simply the input. (Note the definition of 𝑔(𝑥) in (A.4).) Therefore, we
require the homogeneity condition so as to have a self-consistent fusion
function.
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Algorithm 2 Fusion Learning with Multiple Prediction Models for
Intrinsic Reward Generation: Multi-model Distribution Prediction.
1: 𝐿 ∶ batch size for policy training, 𝐿′ ∶ batch size for model training.

2: 𝐿𝑚𝑖𝑛𝑖 ∶ minibatch size for policy training, 𝐿′
𝑚𝑖𝑛𝑖 ∶ minibatch size for

model training.
3: 𝑁 ∶ epoch size for policy training, 𝑁 ′ ∶ epoch size for model

training.
4: 𝑀 𝐴𝑋 ∶ the maximum index of batch period 𝑙, 𝐾 ∶ the number of

prediction models.
5: Initialize the policy 𝜋𝜃0 , the 𝐾 transition probability models

𝑃𝜙10
,⋯ , 𝑃𝜙𝐾0

, the mixing coefficients 𝑞1,⋯ , 𝑞𝐾 , the fusion parameter
𝛼, and the extrinsic value function parameter 𝜁 .

6: Generate trajectories with 𝜋𝜃0 and store them to the initially empty
replay buffer 𝑀 .

7: for Batch period 𝑙 = 0,⋯ , 𝑀 𝐴𝑋 − 1 do
8: Train 𝑃𝜙1𝑙

,⋯ , 𝑃𝜙𝐾𝑙
by performing gradient updates for (11), and

update 𝑞1,⋯ , 𝑞𝐾 by performing iterations with (12). For each
𝑃𝜙𝑖𝑙

(1 ≤ 𝑖 ≤ 𝐾), we draw a batch 𝐷′
𝑖 of size 𝐿′ randomly and

uniformly from 𝑀 , and perform the updates with minibatches of
size 𝐿′

𝑚𝑖𝑛𝑖 drawn from 𝐷′
𝑖 for 𝑁 ′ epochs.

9: for Timestep 𝑡 = 𝑙 𝐿, 𝑙 𝐿 + 1,⋯ , 𝑙 𝐿 + 𝐿 − 1 do
0: Collect (𝑠𝑡, 𝑎𝑡, 𝑟𝑡, 𝑠𝑡+1) in the current batch 𝐷 and add (𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1)

to 𝑀 .
1: end for
2: Acquire the intrinsic reward 𝑟𝑡,𝑖𝑛𝑡 of the current batch 𝐷 of size

𝐿.
3: Train 𝜋𝜃𝑙 by using PPO with the total rewards (6) and minibatch

size 𝐿𝑚𝑖𝑛𝑖 for 𝑁 epochs.
4: Train 𝛼 and 𝜁 by using the parameter learning method described

in Section 4.2 with the total rewards (6) and minibatch size 𝐿𝑚𝑖𝑛𝑖
for 𝑁 epochs.

5: Empty the current batch 𝐷.
6: end for

Appendix B. Algorithm: Multi-model distribution prediction

Appendix C. Details of implementation

C.1. Details in PPO algorithm

The update of policy by using PPO is as follows. Let 𝐷 be the batch
of experiences for training the policy, i.e., 𝐷 = (𝑠𝑡, 𝑎𝑡, 𝑟𝑡𝑜𝑡𝑎𝑙𝑡 , 𝑠𝑡+1,… ,
𝑟𝑡𝑜𝑡𝑎𝑙𝑡+𝐿−2, 𝑠𝑡+𝐿−1, 𝑎𝑡+𝐿−1, 𝑟𝑡𝑜𝑡𝑎𝑙𝑡+𝐿−1), where 𝑎𝑡 ∼ 𝜋𝜃𝑙 (⋅|𝑠𝑡), 𝑠𝑡+1 ∼ 𝑃 (⋅|𝑠𝑡, 𝑎𝑡), and
𝑟𝑡𝑜𝑡𝑎𝑙𝑡 is the total reward described below. Here, 𝜋𝜃𝑙 is the parameterized
policy at the batch period 𝑙 corresponding to timestep 𝑡,… , 𝑡+𝐿− 1 (the
batch period index 𝑙 is included in 𝜋𝜃𝑙 for clarity). Then, the policy 𝜋𝜃𝑙
is updated at every batch period 𝑙 with 𝐷 by following the standard
PPO procedure based on the total reward (6).

To improve numerical stability, we further applied the normaliza-
ion technique [29] to the output 𝑓𝛼(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1) of the 𝛼-fusion in the

delayed reward environments. The final intrinsic reward given the
current batch 𝐷 is expressed as

𝑟𝑡,𝑖𝑛𝑡(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1) =
𝑓𝛼(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1)

max
{

|

∑

(𝑠,𝑎,𝑠′)∈𝐷 𝑓𝛼 (𝑠,𝑎,𝑠′)|
|𝐷|

, 1
} , (C.1)

where (C.1) describes the applied normalization.
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C.2. 1-step technique in the prediction-of-distribution case

In the prediction-of-distribution case, the intrinsic reward at
timestep 𝑡 is set as

𝑟𝑗𝑡,𝑖𝑛𝑡(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1) = log 𝑃𝐾 (𝑠𝑡+1|𝑠𝑡, 𝑎𝑡)
𝑃𝜙𝑗 (𝑠𝑡+1|𝑠𝑡, 𝑎𝑡)

(C.2)

where 𝑃𝐾 =
∑𝐾

𝑖=1 𝑞𝑖𝑃𝜙𝑖 . However, for computation of the intrinsic
eward, we applied the 1-step technique in [29]. With the 1-step

technique, the prediction models 𝑃𝜙1 ,… , 𝑃𝜙𝐾 constructing 𝑃𝐾 in the
numerator of the right-hand-side (RHS) of (C.2) are set as the current
models, but the model 𝜙𝑗 in the denominator of the RHS of (C.2) is set
as the 1-step past model before update.

Appendix D. Supplementary data

Supplementary material related to this article can be found online
t https://doi.org/10.1016/j.neucom.2025.129748.

Data availability

The source code link are provided in Section 4.3 in the paper.
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